We propose a novel homogenization method for one-dimensional continuum diffusion models with spatially variable (heterogeneous) diffusivity. Our method, which extends recent work on stochastic diffusion, assumes the constant-coefficient homogenized equation takes the form of an advectiondiffusion equation with effective (diffusivity and velocity) coefficients. To calculate the effective coefficients, our approach involves solving two uncoupled boundary value problems over the heterogeneous medium and leads to coefficients depending on the spatially-varying diffusivity (as usual) as well as the boundary conditions imposed on the heterogeneous model. Computational experiments comparing our advection-diffusion homogenized model to the standard homogenized model demonstrate that including an advection term in the homogenized equation leads to improved approximations of the solution of the original heterogeneous model.
I. INTRODUCTION
Many heat and mass transport modelling problems involve heterogeneous media exhibiting spatial variability in material properties. Some examples include water and pollutant transport in groundwater aquifers composed of soils and rocks [1] , heat and moisture transport within wood during drying [2] and oxygen transport in biological tissues [3] . When such problems involve material properties that vary rapidly relative to the size of the problem domain, direct computation of the solution is expensive since one has to discretise the domain using a very fine mesh in order to capture the heterogeneity. A popular strategy for alleviating such computational issues is to formulate a simpler homogenized model with constant coefficients that smoothes out the heterogeneity while remaining accurate [1, [4] [5] [6] [7] [8] [9] [10] .
In this paper, we consider the one-dimensional diffusion equation in a heterogeneous medium (0, L):
where D(x) > 0 is the spatially varying diffusivity. Our goal is to approximate the smooth or average behaviour of u(x, t) by the solution of a simpler equation with spatially constant coefficients. The natural approach is to use a simpler equation of the form
where D eff > 0 is a constant effective, equivalent or homogenized diffusivity chosen so that U (x, t) provides an accurate approximation to u(x, t). The standard choice for D eff is the harmonic average of D(x) (see, e.g., [6, 8, [11] [12] [13] [14] [15] ):
This definition possesses a strong theoretical foundation being the result of applying the methods of homogenization by asymptotic expansion and volume averaging [7, 8, 13, 14] to the heterogeneous equation (1) . The definition (3) is also physically intuitive, as it can be derived by considering the boundary value problem consisting of the steady state analogue of the diffusion equation (1) paired with the boundary conditions u(0) = 0 and u(L) = L ∂U ∂x [12] , which impose a (constant) macroscopic gradient of ∂U ∂x over the medium. Solving this boundary value problem yields a solution exhibiting a constant (homogenized) flux over the medium taking the form of q = −D eff ∂U ∂x , where D eff is defined as in Eq (3) [12] .
In Figure 1 , we plot the solution of the homogenized equation (2)-(3) and the heterogeneous equation (1) for two choices of D(x) and a particular set of initial and boundary conditions. For the first problem, the homogenized solution U (x, t) provides a good approximation to the heterogeneous solution u(x, t) ( Figure  1(a) ). However, for the second problem, which exhibits advective behaviour in the positive x direction ( Figure  1(b) ), U (x, t) poorly approximates u(x, t) since the homogenized equation (2) cannot capture such behaviour. Note this behaviour becomes apparent when differentiating the diffusive flux in the heterogenous equation (1):
To address this issue, in this paper, we present a new homogenization approach for Eq (1) . Motivated by the results in Figure 1 , the observation (4) and recent work on homogenization of random-walks through heterogeneous media [16] , our approach assumes the homogenized equation takes the form of an advection-diffusion equation:
where v eff is an effective velocity. To calculate the effective coefficients (D eff and v eff ), our proposed method involves applying two constraints enforcing equality of appropriate measures of the spatial and temporal behaviour of the respective homogenized and heterogeneous models. This procedure requires the solution of two uncoupled boundary value problems over the heterogeneous medium and in contrast to the harmonic average definition (3) leads to effective coefficients depending on the boundary conditions imposed within the heterogeneous model.
The rest of this paper is structured as follows. In section II, we outline the specific heterogeneous model considered in this work including initial and boundary conditions. We then present the advection-diffusion homogenized model and describe how the effective coefficients are calculated (section III). In section IV, computational experiments assessing the accuracy of the homogenized model are presented. Conclusions and a summary of the work are given in section V along with possible avenues for future research.
II. HETEROGENEOUS MODEL
We consider the heterogeneous diffusion model:
where u(x, t) is the unknown scalar field (heterogeneous or benchmark solution), D(x) is the specified spatiallyvarying diffusivity, L is the length of the medium, f (x) provides the initial solution and g 0 (t) and g L (t) are known functions specifying the boundary values of the solution. We make the assumption that the limits lim t→∞ g 0 (t) and lim t→∞ g L (t) exist.
III. HOMOGENIZED MODEL
Our homogenization approach seeks to approximate the solution u(x, t) of the heterogeneous model (6)- (8) by the solution U (x, t) of the following advection-diffusion model with homogenized (constant) coefficients D eff and v eff :
To determine the two unknown effective coefficients, D eff and v eff , we specify two constraints. First, we enforce equality of the spatial-average of the steady-state solutions of the heterogeneous (6)- (8) and homogenized (9)-(11) models. We express this constraint as follows:
where s(x) is the steady state solution of the heterogeneous model (6)- (8) satisfying the boundary value problem:
and S(x) is the steady state solution of the homogenized model (9)- (11) satisfying the boundary value problem:
The constraint (12) ensures U (x, t) accurately exhibits the averaged spatial behaviour of u(x, t) at steady-state.
To match the temporal behaviour of U (x, t) and u(x, t)
we enforce:
where w(x) and W (x) are defined as:
These quantities can be thought of as characterising the timescale of the heterogeneous and homogenized models [17, 18] , respectively, since their values will tend to be small (at a given location x) if the transition from initial to steady state is rapid. Attractively, w(x) and W (x) can be calculated without explicit calculation of u(x, t) and U (x, t) appearing in the definitions [19] . Following previous work [17, 19, 20] , applying the linear operator
to both sides of the definition (18) and making use of the differential equations (6) and (13) yields the following boundary value problem satisfied by w(x):
where r(x) = f (x)−s(x). We remark that the boundary conditions 
where
Since the solutions S(x) and W (x) will depend nonlinearly on D eff and v eff , the two constraints (12) and (17) together define a pair of coupled nonlinear equations:
T provides the effective coefficients supplied to the homogenized model (9)- (11) . The form of the component functions, F 1 and F 2 , are formulated by solving the various boundary value problems numerically. In this work, we employ a vertexcentered finite volume method on a uniform grid consisting of N x nodes with node spacing h = L/(N x − 1). Let s k , S k , w k and W k denote the numerical approximation to the solutions of the boundary value problems (13)- (14), (15)- (16), (20)- (22) and (23)-(25) at x = x k := (k − 1)h for k = 1, . . . , N x . Using these solutions, a simple trapezoidal rule is applied to evaluate the integrals in the constraint equations (12) and (17) yielding the component functions:
Note the values of S k and W k depend nonlinearly on D eff and v eff so F 1 and F 2 are nonlinear functions of c.
IV. COMPUTATIONAL EXPERIMENTS
We now compare the solution of the advectiondiffusion homogenized model (9)-(11), U (x, t), to the benchmark solution, u(x, t), of the heterogeneous model (6)- (8) . We also compare these solutions to the solution of the standard diffusion-only homogenized model, U (x, t), where the effective equation takes the form of the diffusion equation with constant harmonic-averaged effective diffusivity:
with
To obtain the the effective coefficients D eff and v eff for the advection-diffusion homogenized model (9)- (11), we solve the nonlinear system (26)-(28) using MAT-LAB's in-built fsolve function. To solve the heterogeneous model (6)-(8), the advection-diffusion homogenized model (9)-(11) and the diffusion-only homogenized model (29)-(32), we use a vertex-centered finite volume method on a uniform grid consisting of N x nodes with node spacing h = L/(N x − 1) (as in Section III). The resulting system of differential equations is then solved numerically using MATLAB's inbuilt ode15s function. Further implementation details can be found in our code available on GitHub: https://github.com/elliotcarr/Carr2019b. Let u and U j k denote the resulting numerical approximations to u(x, t), U (x, t) and U (x, t) at x = x k := (k − 1)h for k = 1, . . . , N x and t = t j := jτ for j = 1, . . . , N t , where τ > 0 and N t ∈ N + . Using these solutions we define the following mean absolute errors:
for the the advection-diffusion homogenized model (9)- (11) and
for the diffusion-only homogenized model (29)-(32).
In our computational experiments, we consider the six test cases described in Table I . In Figure 2 and Table II, we report results for N x = 1001, N t = 100 and τ = 0.01. An immediate observation from these results is that the advection-diffusion homogenized model (9)- (11) is superior at capturing the smooth behaviour of the heterogeneous model (6)- (8) compared to the diffusion-only homogenized model (29)-(32). This is demonstrated in Figures 2(g) -(l) through the observation that U (x, t) agrees with u(x, t) better than U (x, t) does, and in Table II by the smaller values of the mean absolute error for the advection-diffusion homogenized model across all six test cases.
Several other interesting observations are evident from the individual test cases. Cases A and B involve a constant and linearly decreasing diffusivity perturbed by a sinusoidal function, respectively, and are identical to the two problems shown in Figure 1 . For case A, both homogenized models both provide a good approximation to the solution behaviour of the heterogeneous model (see Figure 2(g) ). However, for case B, the advection-diffusion homogenized model significantly outperforms the standard diffusion-only homogenized model. In this test case, the benchmark heterogeneous model produces a solution exhibiting advective behaviour in the positive x direction, which is especially evident from the steady-state solution (see Figure 2(h) ). This behaviour is accurately captured by the advectiondiffusion equation (9) (note the large value of v eff for case B compared to the other test cases) but cannot be captured by the standard homogenized equation (29), where the steady-state solution is linear regardless of the value of D eff (Figure 2(h) ). For case B, the new homogenized model also provides a superior match at earlier times (Figure 2(h) ). Case C is a classical homogenization problem with D(x) expressible as a function of x/ε, where ε is a small parameter (ε = 0.005 in this case). For this test case, the standard homogenized model (29)-(32) is obtained in the homogenization limit ε → 0 with U (x, t) and U (x, t) matching almost precisely with one another (Figure 2(i) ). Finally, cases D, E and F demonstrate that our homogenization approach performs well for time-dependent boundary conditions, non-uniform initial conditions, and non-monotone transitions from initial to steady-state, respectively (see Figure 2(j)-(l) and Table II ).
V. CONCLUSIONS
Determining an effective homogeneous medium providing the smooth/averaged behaviour of a continuum transport process across a heterogeneous medium is a classical problem in many scientific and engineering disciplines. In this paper, we have presented a homogenization approach for the one-dimensional diffusion equation with spatially variable (heterogeneous) diffusivity. The novelty of our approach is the inclusion of an effective advection term in the homogenized equation in addition to the standard effective diffusion term. To identify the effective diffusivity and effective velocity we enforce equality of the spatial average of the steadystate solution of the homogenized and heterogeneous models and equality of the spatial average of a quantity characterising the timescale of both models. Our proposed homgenization approach requires the solution of two uncoupled boundary value problems Eqs (13)- (14) and (20)- (22), over the heterogeneous medium and the solution of a small system of nonlinear equations for the effective parameters (26)-(28). Due to the appearance of g 0 (t) and g L (t) in the boundary value problems, e.g. Eqs (23)-(25), the computed effective coefficients depend not only on the spatially-varying diffusivity but also on the boundary conditions imposed in the heterogeneous model.
Computational experiments carried out in Section IV demonstrate, for six test cases, that the inclusion of an effective advection term leads to an improved approximation of the smooth behaviour of continuum diffusion in a one-dimensional heterogeneous medium. Possible avenues for future work include extension to two or three-dimensional problems or non-Dirichlet boundary conditions. For the former case, additional constraints are required to identify the additional diffusivities and velocities present in higher-dimensions. For the latter case, additional thought is required as the constraint enforcing equality of the spatial average of the steadystate solution (12) provides no information for certain choices of boundary conditions (8), e.g., for u(0, t) = 1 and ∂u ∂x (L, t) = 0, the steady-state solutions, s(x) and S(x), are uniformly equal to one for all D(x), D eff and v eff .
